Introduction
You and a friend walk outside on an April morning. You announce that the weather is "mild". Your friend declares it "cold". Who is wrong? Or are you both right? We all recognize that language can be imprecise and that words such as cold, hot, or mild do not have well-defined boundaries. In 1965, Lotfi Zadeh introduced fuzzy logic as a means of processing data by extending classical set theory to handle partial membership 1 . Classical set theory deals with sets that are "crisp" in the sense that members are either in or out according to rules of binary logic. For example the apple in the basket is Red OR Not Red (binary logic). Some of the apples could be categorized as Red AND Not Red (fuzzy logic). Many of the concepts that we deal with in everyday life and in fields such environmental health involve factors that defy classification into "crisp" sets-safe, harmful, acceptable, unacceptable, etc. A classic example is when a regulator, who after she carefully explains the result of a detailed quantitative risk assessment to a community group is then asked "But are we safe?" In this case, "safe," defies crisp classification because it is a multivariate state with gradations, that very among different individuals and groups.
Fuzzy logic has become a common way of dealing with information in a number of fields, such as control theory, smart machines, investment analysis and so on. But the application of fuzzy sets can and has been extended to environmental science and policy. For anyone who has worked on health and environmental issues, it becomes immediately obvious that we deal constantly with fuzzy concepts-hazard, acceptable, safe, etc. Even concepts such as carcinogen and neurotoxin define fuzzy sets whose Page 2 members are selected by experts who review and make judgments on conflicting toxicology or epidemiology. In spite of their relevance and early efforts to promote their use in risk assessment 2 , fuzzy logic applications are still rare in risk assessment or other environmental assessments.
In this paper we consider whether and how fuzzy logic and fuzzy arithmetic apply to risk assessment and environmental policy. We use a case study assessment of water quality in the Ganga river of India to illustrate this evaluation. Our goal is to consider whether and how much this approach can be applied more broadly for environmental assessments.
Fuzzy Sets, Fuzzy Logic, and Fuzzy Arithmetic
Fuzzy concepts come largely from the field of soft computing and have links to many earlier influences, among them Zadeh's 1965 paper on fuzzy sets 1 and his paper on the analysis of complex systems and decision processes 3 . Confronting fuzzy concepts requires three skills-(1) the ability to construct fuzzy sets (those with partial membership) and the ability to perform (2) logical operations and (3) arithmetic operations on those sets. Each of these capabilities must be employed to carry out our case study. We introduce them briefly here.
Fuzzy Sets
In contrast to classical sets, fuzzy sets include objects with partial membership. Some view a person whose age is 45 as "old" and others as "young". So this person's age has partial membership in both the fuzzy set "old" and the fuzzy set "young". The process of defining membership produces a "membership" function for fuzzy sets. Figure 1 where we show example membership functions in the linguistic sets "cold", "mild", or "hot" for a range of temperatures. In the language of fuzzy sets this figure represents functions µ A that express the degree of membership of elements x (temperatures) in the set A, where A=cold, mild, or hot. µ A is a set of We can determine membership in a fuzzy set either by observation or by eliciting characterizations from experts or users.
This is illustrated in
At this point it is useful to make a distinction between fuzzy logic and probability theory, a distinction that involves the difference between the notions of probability and a degree of membership. In contrast to probability density functions, fuzzy membership functions express the possibility of an outcome rather than its probability.
Probability statements are about the likelihood of outcomes. In a probabilistic approach, we model uncertainty by expressing our belief that an event either occurs or does not. But with fuzzy logic we model uncertainty as the degree of membership in set that defines an outcome.
Fuzzy Logic
Fuzzy logic is the key to building models of fuzzy systems by providing rules for operations on fuzzy sets. The first thing to recognize is that fuzzy logic is a generalization of standard Boolean logic. In other words, if we keep the fuzzy values at their extremes of 1 (completely true), and 0 (completely false), fuzzy logic reduces to standard binary logic.
Three basic operations apply to fuzzy sets-negation, intersection, and union. To negate a fuzzy set, one simply subtracts the membership value in the fuzzy set from 1.
For example, in Figure 1 the membership value in "cold" at 5 °C is 1. With negation, the membership value at 5 °C becomes 0. The intersection of two sets is the minimum of the two membership values at each point on the x-axis. In Figure 1 the set "cold" has a membership of 0.7 corresponding to x = 14°C and the fuzzy set "mild" has a membership of 0.3 corresponding to x = 14°C. The intersection has a membership value of 0.3 at x = 14°C. The union of two sets is the maximum of the two membership values at each point on the x-axis. Referring again to Figure 1 , the union of the sets "cold" and "mild" at x = 14°C has membership 0.7. In mathematical terms, we have: 
Fuzzy Arithmetic
In addition to logic operations, there are interval arithmetic operations that apply to fuzzy sets. Fuzzy arithmetic provides the foundation for possibility theory introduced by Zadeh 3 and further developed by Kaufmann and Gupta 4 and Dubois and Prade 5 . Although it is analogous to probability theory, possibility theory can be carried out under weaker assumptions and thus used when limited experimental or observational information is available.
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Among the important arithmetic operations on fuzzy sets are addition, subtraction, multiplication, division, and degree of match (DM), which we define and use for the example below. Addition produces a set with an interval range that includes all of the sums of the addends of the two sets being added. For example, if we add numbers from set A in the range [1, 5] with numbers from set B in the range [2, 4] , we obtain a set of numbers C in the range [3, 9] . Members, x, of set A with membership function µ A (x) and members, y, of set B with membership function µ B (y), produce elements, z=x+y, in set C that have membership µ C (z) determined as 
in which x denotes the range of parameter values (dissolved oxygen, fecal coliform level, etc) and µ A∩B (x) is the membership function for the intersection of fuzzy sets A and B.
How it Works: Bathing Water Quality in the Ganga River
We illustrate the use of fuzzy logic in environmental health assessment with fuzzy descriptions of bathing water quality in the river Ganga, India. When Ganga water quality progressively deteriorated due to indiscriminate discharge of municipal sewage and industrial effluents, Deshpande et al. 6 used fuzzy classification to characterize water Measured values of these parameters must communicate river water quality to policy makers and the public at large. But how? Observed values of these parameters are uncertain due to measurement error and natural variability. Quantitative risk assessment is precluded by the absence of adequate exposure and dose-response models for each of these five parameters. Another approach to communicate water quality is an aggregated water quality index (WQI) expressed in numbers ranging between 0 and 100. If WQI is less than 20, the water quality is considered bad and so on.
One problem with this type of highly subjective approach, is that final score fails to communicate the uncertainty in (a) the measurement of these factors, (b) the interpretation of an acceptable range for each parameter, and (c) the method used to integrate these dissimilar factors. Neither risk assessment nor WQI can signify the degree of certainty attached to any linguistic description of results. So we introduce fuzzy logic to characterize water quality in a way that provides linguistic terms (highly accepted,…,not accepted) with quantified degrees of certainty. The result is an alternative approach with more fidelity to the type uncertainties involved in this particular problem. This is but one example of a fuzzy logic application to environmental quality.
There or others in the current literature. For example Regan et al. 7 have demonstrated the advantages of using fuzzified definitions of "endangered" in conservation biology.
Matching Fuzzy Values
We construct fuzzy sets to represent in linguistic terms both field observations on parameter values and judgments of experts about acceptability of each parameter value range. The degrees of match between observations and fuzzy terms relating to acceptability are used to establish overall water quality. This process is illustrated in Figure 2 . First, we fit the measured parameter to a convex normalized fuzzy-interval as shown in the top diagram of Figure 2 . The membership function here represents the range of a given water quality parameter, such as fecal coliform level. We next use expert elicitation to construct fuzzy sets for modeling expert opinion in classifying a specific factor, such as fecal coliform level, as being "very good", "good", "fair" or Figure 2 . We use the DM operator (described above) to determine the degree of match between the convex normalized fuzzy numbers describing observed parameter value ranges and the fuzzy sets describing the experts' quality classification ranges. This is shown at the bottom of Figure 2 . Table 1 
Fuzzy Rule Based System
We construct rules that classify water based on the status of the quality parameters as expressed by DM. Figure 3 Then the water quality for bathing is <accepted> (0.13)
Of course there are many rules of this type needed to specify our water quality systems. One of the challenges of fuzzy applications is checking the reasonableness of all these rules. As we see from the example above, the conjunctive (intersection)
operator applies when we want to find the DM of one or more antecedent rules, that is DM (of a rule with steps 1,2,3…n ) = Min (DM 1 , DM 2 , DM 3 ,… DM n ) (Eq 2)
We must also address the DM for cases of "disjuncts." Disjuncts are different rules that lead to the same classification. For example at the right of Figure 3 there can be multiple rules that result in the classification of water as "accepted". In this case we apply the disjunctive (union) operator:
The lower part of Table 1 describes at Rishekesh and Varanasi the degree of certainty for each linguistic classification that we obtained by using the DMs from the upper part of the table and with a set of acceptance rules. We note here that at Rishekesh the water quality is "accepted" with certainty 0.41. The next certainty value of 0.36 for "just accepted" indicates that the outcome is more towards "just accepted" than towards "highly accepted". Water at Varanasi is "not accepted" with degree of certainty 0.98.
This indicates an urgent need to intensify the pollution control efforts along the river Ganga with focus on the reduction on bacterial counts. In following this example, the reader must recognize our goal here is to present only the inputs, intermediate steps,
and results of the analysis. Many of the essential details could not be presented in this type of summary paper.
The Outlook for Fuzzy Logic in Environmental Policy
Over the last few decades, soft computing tools such fuzzy logic based methods, neural networks, and genetic algorithms have had significant and growing impacts.
But we have seen only limited use of these methods in environmental fields such as risk assessment, cost-benefit analysis, and life-cycle impact assessment. Because fuzzy methods offer both new opportunities and unforeseen problems relative to current methods, it is difficult to determine how much impact such methods will have on environmental policies in the coming decades. Here we consider some obvious advantages and limitations.
Quantitative models with explicit and crisp delineations of systems have long been the currency of discourse in engineering and the physical sciences, where basic physical laws form the foundations of analyses. These fields place high value on the causal linkages implicit in model structure and parameterization. But problems that involve human values, language, control theory, biology, and even environmental systems have had to rely more on descriptive and empirical approaches 8 . In these latter fields our goal is often to summarize the observations in an efficient and useful manner. For these important areas of science and health, fuzzy logic based methods should be further investigated as alternative and perhaps more appropriate methods to confront uncertain and complex systems. 
Concluding Points
Fuzzy logic represents a significant change in both the approach to and outcome of environmental evaluations. Risk assessment is currently based on the implicit premise that probability theory provides the necessary and sufficient tools for dealing with uncertainty and variability. The key advantage of fuzzy methods is the way they reflect the human mind in its remarkable ability to store and process information which is consistently imprecise, uncertain, and resistant to classification. Our case study illustrates the ability of fuzzy logic to integrate statistical measurements with imprecise health goals. But we submit that fuzzy logic and probability theory are complementary and not competitive.
In the world of soft computing, fuzzy logic has been widely used and has often been the "smart" behind smart machines. But it will require more effort and case studies to establish its niche in risk assessment or other types of impact assessment.
Although we often hear complaints about "bright lines," could we adapt to a system that relaxes these lines to fuzzy gradations? Would decision makers and the public accept expressions of water or air quality goals in linguistic terms with computed degrees of certainty? Resistance is likely. In many regions, such as the US and European Union, it is likely that both decision makers and members of the public are more comfortable with our current system in which government agencies avoid confronting uncertainties by setting guidelines that are crisp and often fail to communicate uncertainty. But some day perhaps a more comprehensive approach that includes exposure surveys, toxicological data, epidemiological studies coupled with fuzzy modeling will go a long way in resolving some of the conflict, divisiveness, and controversy in the current regulatory paradigm. Figure 1 . Degree of membership of a range of temperatures in the fuzzy sets "cold", "mild", and "hot".
